This study investigates the mechanism of traffic breakdown and establishes a traffic flow model that precisely simulates the stochastic and dynamic processes of traffic flow at a bottleneck. The proposed model contains two models of stochastic processes associated with traffic flow dynamics: a model of platoon formation behind a bottleneck and a model of speed transitions within a platoon. After these proposed models are validated, they are applied to a simple one-way, one-lane expressway section containing a bottleneck, and the stochastic nature of traffic breakdown is demonstrated through theoretical exercises.
Introduction
Traffic capacity plays an important role in various aspects of transportation analysis, including the planning, design, and operation of freeways. It is defined as the maximum number of vehicles that can pass a roadway section per unit of time under ideal conditions. This capacity concept is often confused with the breakdown flow rate, which is the flow rate at which traffic flow falls into breakdown and a congestion queue appears. Most traffic breakdowns appear before the volume reaches the traffic capacity. Several authors have demonstrated that the breakdown flow rate that induces a breakdown varies even under the same road and other environmental conditions (Elefteriadou et al., 1995; Minderhoud et al., 1997; Kühne and Anstett, 1999; Daganzo et al., 1999; Lorenz and Elefteriadou, 2000; Okamura et al., 2000) . This may suggest another critical factor that precedes traffic breakdowns. Once a congestion queue appears, not only does the speed of the flow decrease, but the flow rate also decreases dramatically; therefore, it is extremely important to avoid traffic breakdown and maintain traffic flow in the free-flow state in terms of freeway operation and management. Thus, the precise nature of variability in traffic breakdown should be understood.
With respect to the mechanism of traffic breakdown, it has been noted that traffic flow breakdown at freeway bottlenecks is strongly related to platoons (e.g., Koshi, 1986; Mahnke et al., 2005) . In particular, Koshi's conjecture is as follows: "a platoon is formed by slow vehicles that form moving bottlenecks. A vehicle with a higher desired speed catches up with a slow vehicle and is forced to follow it. The number of following vehicles behind the moving bottleneck increases, generating a platoon in which traffic density is locally high. Once a vehicle within a platoon decelerates at a bottleneck section for some reason, the deceleration wave propagates upstream, and a traffic flow breakdown is likely to occur." In this sense, a large platoon can be regarded as a sort of metastable traffic flow condition (Kerner and Rehborn, 1997 ) that causes traffic breakdown. Several studies (Tamura and Chisyaki, 1987; Surasak et al., 2001) revealed that a platoon size distribution followed a monotonic decreasing function whose parameters were determined by traffic volume. Based on Koshi's conjecture, even when traffic volume is not very large, a large platoon can form with some probability before traffic breakdown. This process can be considered as one possible explanation of the variation in the breakdown flow rate.
Several studies have attempted to demonstrate the variable nature of traffic breakdown. Lorenz et al. (2000) and Okamura et al. (2000) defined the probability of traffic breakdown as the ratio of the number of traffic breakdown occurrences to the observation time. It is evaluated on the basis of classified levels of traffic flow rate, e.g., 5-min traffic counts. In addition, they investigated the relationship between flow rate and breakdown probability. Brilon et al. (2005) , assuming that observation of traffic capacity is a censored observation, established a method of estimating the stochastic traffic capacity by applying survival analysis. Geistefeldt et al. (2009) compared two methodologies for empirically estimating the breakdown flow rate distribution: direct estimation of breakdown probabilities for groups of traffic volumes and estimation of breakdown flow rate distribution functions on the basis of statistical models of censored data. They concluded that the latter method yielded better results than the former. However, these studies adopted macroscopic or empirical approaches and assumed that the breakdown flow rate fluctuated randomly regardless of traffic flow conditions. The mechanism underlying the formation of traffic congestion was not well represented and understood in these studies.
Some studies analysed the variable nature of the breakdown flow rate microscopically and theoretically. For example, Laval (2006) analyzed the mechanism of fluctuations in breakdown flow rate by applying a modified kinematic wave theory in which slow vehicles were considered as moving bottlenecks that caused traffic breakdown. In that study, only two types of vehicle (having average and slow speeds) were considered for simplicity. Kühne et al. (2005 Kühne et al. ( , 2007 developed a master equation governing cluster evolution based on dynamical equations such as the balance equation and the Fokker-Planck equation. A cluster was defined as a congested state, and the master equation described the growth and decline of car clusters. A probability exceeding a threshold cluster size was defined as the breakdown probability. In the study, heterogeneity in driving behavior was not explicitly considered, but car clusters were assumed to form as a result of randomness in arrivals at a given bottleneck. In addition to random arrivals, heterogeneity in driving behaviors such as desired speeds and passing maneuvers may significantly influence the formation of car clusters and should be considered.
The present study investigates the mechanism of traffic breakdown and establishes a traffic flow model that precisely simulates the stochastic and dynamic processes of traffic flow at a bottleneck on the basis of the conjecture proposed by Koshi (1986) . In particular, as a first stage for developing the model, this study targets only the traffic flow on single-lane sections of expressways. The proposed model contains two stochastic processes associated with traffic flow dynamics: a platoon formation model and a speed transition model within a platoon. In the former, platoon formation is assumed to be caused by variety in the desired speed of vehicles. This model represents platoon formation and estimates the distribution of platoon sizes in relation to traffic flow rate, roadway structural factors, and desired speed distribution. However, it is impossible to directly observe the desired speed distribution because vehicles catch up with the vehicle ahead and are forced to follow it. Thus, an inverse method of estimating the parametrically defined desired speed distribution from the observed platoons is also developed. On the other hand, the latter represents vehicle behavior in a platoon when it passes through a bottleneck. A following vehicle adjusts its acceleration and deceleration in response to the trajectory of the leading vehicle. Although the speed of the following vehicle is almost the same as that of the leading vehicle, this study assumes that the following vehicle tends to reduce its speed when platoons pass through a bottleneck section. On the basis of this assumption, speed transitions within a platoon at a bottleneck can be regarded as dynamic stochastic processes. Thus, the Markov process is assumed to be applicable to transitions in the speed of vehicles sequentially passing through the bottleneck. This model can estimate the probability of traffic breakdown when a platoon of a specific size passes through a bottleneck. Finally, the proposed models are combined to estimate the breakdown probability at a given traffic flow rate at a specific bottleneck section of a single-lane expressway.
This paper is organized as follows. In section 2, the criteria between following vehicles and others is clarified on the basis of the speed correlation between successive vehicles. In section 3, the platoon formation and speed transition models are developed, and the breakdown probability is numerically defined. In section 4, the desired speed distribution, which is required in the platoon formation model as an input based on the observed traffic flow data, is estimated, and the proposed model is validated. In section 5, a model estimating breakdown probability with respect to traffic flow rate is applied to a simple one-way, one-lane expressway section containing a bottleneck, and the stochastic nature of traffic breakdown is then demonstrated through theoretical exercises.
Definition of Platoons
A platoon is generally defined as a group of vehicles traveling together, either voluntarily or involuntarily, because of signal control, geometrics, or other factors (HCM, 2000) . In this study, a platoon on a single-lane section, where overtaking is impossible, is defined as a group consisting of a leading vehicle driving at its desired speed and following vehicles that cannot drive at their desired speed because of the vehicles ahead. In this section, the criteria for distinguishing between following vehicles and other vehicles are examined on the basis of fixed-point observation data.
Methodology
The difference between following vehicles and others is normally judged on the basis of time headway, distance headway, and/or relative speed. Time headway is the most widely accepted criterion; its threshold value is called the critical headway. Lay (1986) examined the notion of critical headway as defined by various authors and suggested three distinct states based on constraint conditions: when headway < 2.5 [s], traffic is following; when headway is 2.5-9.0 [s], traffic is either following or free; and when headway > 9.0 [s], traffic is free. Bennet and Dunn (1994) suggested that both relative speeds and time headway are suitable platoon criteria. Thus, the present study determines the critical headway by focusing on relative speeds and traffic states.
Three types of driving state are defined: free moving, impeded, and transition. Leading vehicles and vehicles moving alone belong to the first state, and are defined as free-moving vehicles. Most following vehicles belong to the second state, and are defined as impeded vehicles. Furthermore, when a vehicle is catching up with a platoon ahead, the vehicle reduces its speed but is not following the vehicle ahead. These vehicles shifting from free moving to impeded belong to the third state, and are defined as transition vehicles. If the time headway between two successive vehicles is small, it can be definitely assumed that the vehicle behind is impeded by the vehicle ahead. In this case, the speeds of the two vehicles obtained by a fixed-point observation should be almost the same; that is, their relative speed is small, and their observed speeds show a significant correlation. When the time headway is slightly longer, free-moving vehicles appear in the vehicles behind, and the ratio of free-moving vehicles decreases as the time headway increases. At the same time, the variance in the relative speed should increase, and the correlation should decrease. Finally, if the time headway is sufficiently long, vehicles behind can drive freely unrestricted by those in front. As a result, the speeds of two successive vehicles should be independent, with the correlation between them close to 0. Based on this consideration, the relationship between time headway and correlation coefficient in the speeds of two successive vehicles and the relationship between time headway and the component ratio of each driving state can be assumed, as illustrated in Figure 1 . This figure shows that as time headway increases, the correlation decreases, and the ratio of transition vehicles to impeded vehicles increases. Then, at time headway C, no vehicle is impeded. Therefore, in this study, the time headway corresponding to traffic state C in Figure 1 is defined as the critical time headway.
Critical Time Headway between Free-Moving and Impeded Vehicles
To validate the conjecture and determine the critical headway, the relationship between time headway and correlation coefficient is investigated using real field observation data. The observations were made at 72.6 kilometer post (kp) of the Tokai-Hokuriku expressway from 13:00 to 19:00 on July 18, 2004, and from 13:00 to 17:00 on July 19, 2004, by using video cameras. The observation site is on a divided two-way, two-lane expressway section where it is physically impossible for faster vehicles to pass other vehicles (see Figure 2) . The speed, time headway, and vehicle type of individual vehicles were obtained in the observations. Note that only traffic data for the free-flowing traffic state observed on non-rainy days in the daytime (between 9:00 and 16:00) were targeted. The calculation results showing the relationship between time headway and correlation coefficient are summarized in Figure 3 . This relationship is approximately piecewise-linear, as shown in Figure 1 . Therefore, in this study, the time headway corresponding to traffic state C in Figure 3 is used as the critical headway. Vehicles driving with a headway shorter than the critical headway are defined as following vehicles, and those with a longer headway are defined as others. In particular, 4.0 [s] is determined as the critical headway. 
Establishment of Platoon-Based Traffic Flow Model for Estimating Breakdown Probability
In this section, a model for estimating the breakdown probability at an expressway bottleneck is developed. The focus is on bottlenecks on ordinary sections, such as sag sections or tunnel entrances, where traffic breakdown occurs because of fractional lowering of vehicle speed (Koshi et al., 1983) . In this model, it is assumed that the complexity of traffic flow arises from the heterogeneity of the desired speeds of drivers and that platoons form stochastically because of the differences in desired speed as well as randomness in arriving at the target section. Moreover, when a large platoon passes through a bottleneck, a greater chance of breakdown is assumed. The traffic flow model based on this concept is established and defined as the Platoon-based traffic flow model. The model includes platoon formation and speed transition models. The breakdown probability with respect to the traffic flow rate is numerically formulated using the established models. Note that, for simplicity, the modeling was limited to a single-lane expressway.
Definition of Breakdown Flow Rate and Breakdown Probability
Traffic capacity is traditionally defined as the maximum number of vehicles that can pass a certain point in a certain time interval with given traffic conditions and roadway circumstances. To avoid terminological confusion and remain consistent with the traditional definition of traffic capacity, the breakdown flow rate is defined as the traffic flow rate inducing traffic breakdown. Moreover, the breakdown probability is defined as the probability of breakdown at a certain place when the traffic flow rate or platoon size is given. A certain traffic state is assumed to have some probability of breakdown. As mentioned above, the platoon size and traffic flow rate are considered to be the factors that should affect the breakdown probability. In particular, when the traffic flow rate exceeds the traditionally defined traffic capacity, the breakdown probability is expected to be 1.0.
Platoon Formation Model
To understand traffic phenomena, several bunching models have been proposed. Among them, the geometric distribution model (Miller, 1961) , the Borel-Tanner distribution model (Tanner, 1961) , and the Miller distribution model (Miller, 1961) have been widely accepted (e.g., Surasak et al., 2001) . The model proposed by Tanner, however, did not represent vehicles' movement on expressways. The models of Miller were also based on the strict assumptions that vehicles joined platoons singly and independently. Gibbs (1977) proposed a bunching model in which a queue would merge with other queues and be dispersed from other queues randomly. The model, however, tended to overestimate the ratio of free-driving vehicles when the traffic volume is large. From another viewpoint, bunching can be understood as a queue behind a moving bottleneck. Several models simulating the behavior of a moving bottleneck have been proposed (e.g., Gazis and Herman, 1992; Newell, 1998; Daganzo and Laval, 2004) .
However, these models were based mainly on fundamental diagrams and depicted average traffic states. This study instead focuses on fluctuations and the probabilistic nature of traffic flow.
In this model, each vehicle is assumed to have an independent desired speed v, and the speed distribution, f V (v), is given. Vehicles travel at their own desired speeds unless they catch up with the vehicle ahead. After catching up, the vehicle immediately drops its speed to the speed of the vehicle ahead and follows the vehicle, maintaining a given headway. Figure . (1) Here, out i t indicates the exit time of vehicle i when it moves continuously at its desired speed within the study section, which is calculated by
and h i indicates the given time headway of vehicle i when it follows the vehicle ahead. Moreover, i = 0 indicates the boundary condition where no vehicles appear in front of it. In Figure 4 , vehicle i's desired speed is so low that three vehicles follow it, and a platoon of four vehicles is formed. Note that a free-moving vehicle that moves alone, e.g., vehicle i − 1, is also counted as a platoon of one vehicle.
Let p(A v ) be the probability that a vehicle with desired speed v becomes the lead vehicle of a platoon, A v be this event, and p(k|A v ) be the conditional probability that a platoon of k vehicles is formed given the occurrence of event A v . Then, the probability p plt (k) that a certain vehicle becomes the lead vehicle of a platoon of k vehicles at the exit of the study section is written as
Both p(A v ) and p(k|A v ) are calculated using the desired speed distribution. To remain in the free-moving state, vehicle i must not catch up with any platoon that ends in vehicle i − 1. Suppose that vehicle i − 1 is the rear of a platoon whose lead vehicle is vehicle i − k; the necessary and sufficient condition for vehicle i to remain in the freemoving state within the study section is
which can be rearranged into 
Then, the probability that a vehicle with desired speed v can remain in the free-moving state is
By rearranging Eq. (6), p(A vi ) can be expressed in relation to the desired speed distribution as
Now, p(k|A v ) will be derived. A platoon of k vehicles is formed when k − 1 vehicles form a queue just behind the lead vehicle, and the kth vehicle behind the lead vehicle does not follow the (k − 1)th vehicle. Suppose that vehicle i is the lead vehicle of a platoon. The necessary condition for vehicle i + j to catch up with the platoon is
which can be rearranged into
Then, the probability of a platoon of k vehicles forming behind vehicle i given the occurrence of event 
The first term on the right-side indicates the probability of k − 1 vehicles forming a platoon, and the second term indicates the probability of the kth vehicle from the lead vehicle being unable to catch up with the platoon. By substituting Eq. (9) 
Thus, by integrating Eqs. (7) and (11) with Eq. (3), p plt (k), the probability that a certain vehicle becomes the lead vehicle of a platoon of k vehicles at the exit of the study section, can be expressed in relation to the desired speed distribution. Then, the probability of a platoon of k vehicles can be estimated as the ratio of the probability of a lead vehicle of a platoon of k vehicles to the probability of a lead vehicle of a platoon of any size. That is, given each vehicle's entrance time and desired speed distribution in Eq. (12), the platoon size distribution f S (k) can be estimated as follows:
Simultaneously, the probability density f P (A v ,k) that a platoon whose lead vehicle's speed is v and size is k is generated can be written as
(13)
Speed Transition Markov Chain Model

Relationship between the Speeds of Successive Vehicles in a Platoon
With respect to the mechanism of traffic breakdown at an expressway bottleneck, Koshi (1986) noted that when a large platoon goes through a bottleneck section, some vehicles within the platoon slow down slightly, which generates a deceleration wave, and eventually traffic breakdown occurs. On the other hand, the characteristics of platoons that cause traffic breakdown are not well understood. Oguchi et al. (2001) showed that a large platoon tends to, but does not always, cause traffic breakdown. It can be conjectured that when a platoon passes through a bottleneck, speed reduction occurs stochastically. If the platoon is small, even if speed reduction occurs, a deceleration wave will rarely propagate upstream. On the other hand, when the platoon is large, the deceleration wave propagates upstream, and traffic breakdown occurs.
In this study, this wave propagation is considered as a transition in the speed of a vehicle in the platoon at a specific observation point. As mentioned in 2.2, following vehicles, i.e., vehicles composing a platoon, are defined as those whose speeds are strongly correlated with the speed of the lead vehicle. Hence, the speed of a following vehicle is essentially almost identical to the speed of the leading vehicle. Because of instability in the following behavior, however, some fluctuation can be observed. Here, let v i and v i+1 indicate the observed speeds of two successive vehicles i and i + 1 within a platoon. The relationship between v i and v i+1 can be expressed as v i+1 = v i + r i+1 , where r i+1 denotes the relative speed and indicates the fluctuation in the speed transition from vehicle i to vehicle i + 1. If the relative speed tends to be negative, it can be interpreted as a tendency toward deceleration in the platoon, which causes breakdown stochastically. Thus, to reveal when the relative speed becomes negative, the data observed at point 69.7 kp in Figure 2 are used to investigate the relationship between the lead vehicle speed v i and the relative speeds of following vehicles r i+1 within a platoon. As shown in Figure 5 , as the speed of front vehicles is higher, the relative speeds tend to be lower. When the speed is around 80 [km/h], the relative speeds are distributed in a relatively positive area. On the other hand, when the speeds are less than 60 [km/h] in a single-lane section, the relative speeds are distributed around zero. This tendency must be related to each vehicle's desired speed; that is, if the speed of a front vehicle is high, the next vehicle's desired speed is likely to be lower, and the relative speed tends to be negative. In contrast, if the speed of a front vehicle is not very high, the next vehicle's desired speed is likely to be higher, and the relative speed tends to be positive. Furthermore, if the front vehicles' speeds are sufficiently low, the next vehicle must follow it; as a result, the relative speeds centralize around zero. This tendency also appears in the data in Table 1 , which summarizes the means and standard deviations of the relative speeds as calculated in 10 [km/h] increments of the front vehicle's speed. As a result, it is shown that the mean of relative speed varies according to the front vehicle's speed. In other words, the tendency of speed transition varies in accordance with the front vehicle's speed, and when the front vehicle's speed is less than 60 [km/h], a tendency toward deceleration in a platoon can be observed. 
Testing the Markov Property in Speed Transitions
On the basis of the conjecture about the speed reduction mechanism discussed in 3.3.1, a hypothesis regarding speed transitions in a platoon is made:
Hypothesis:
The transition in the speeds of vehicles propagating in a platoon passing a bottleneck sequentially has the Markov property.
To test the hypothesis, let S = {S 0 , S 1 , S 2 ,…, S n } indicate the speed levels, {X t , t=1,2,…,n p } indicate the stochastic process of the speed levels of the tth vehicle in a platoon consisting of n p vehicles, m i show the number of observations in which t th vehicle (t = 1,2,3,…,n p -1) moves at the speed level S i , m ij show the number of observations in which the speed levels of successive t th and t + 1 th vehicles change in the order of S i and S j , and similarly m ij (Δ) show the number of observations in which the speed levels of t-Δ and t th vehicles (t = Δ+1, Δ+2,…,n p ) change in the order of S i and S j , and m ijk (Δ) show the number of observations in which the speed levels of t-Δ, t and t+1 th vehicles (t = Δ+1, Δ+2,…,n p -1) change in the order of S i , S j , and S k . Here, P ij are defined as
which are estimated by the observations as ij P = m ij /m i . In the same way,
which are estimated by the observations as ( )
If the hypothesis is valid, P jk = P ijk ( Δ ) should be valid for Δ ∀ . Thus, we set the null hypothesis ( ) 
Then, under the null hypothesis H 0 , Eq. (17) follows the chi-squared distribution with n(n + 1) degrees of freedom (Anderson and Goodman, 1957) .
Hereafter, the hypothesis will be tested using the data observed at 69.7 kp on the Tokai-Hokuriku expressway, which is located just behind a bottleneck, as shown in Figure 2 in which the 5-min speed average is greater than 40 [km/h], is targeted, and Δ is set to 1 or 2, which means that car following behavior is assumed to be affected by at most two or three vehicles ahead. As a result, -logλ(1) = 49.6 and -logλ(2) = 46.8, whereas the 5% value of χ 2 with 56 degrees of freedom is 74.5. For both Δ = 1 and Δ = 2, the null hypothesis cannot be rejected at the 5% significance level. Thus, it can be concluded that the Markov property of speed transition in a platoon cannot be rejected; i.e., the hypothesis can be justified.
Model Formulation
Assuming the Markov property of speed transitions in a platoon, the speed of vehicle i + 1, v i+1 , is stochastically determined with respect to the front vehicle's speed v i . Thus, the relative speed r i+1 can be interpreted as stochastically determined solely by v i . The stochastic model of the speed transition in this study has a state space comprising {S 0 , S 1 , …, S n }. S 0 is the state in which the speed of the vehicle passing the bottleneck is within the interval [0,V 0 ]. S i (i = 1,2,…,n − 1) is that in which the speed is within the interval (V i-1 ,V i ]. S n is that in which the speed is within the interval (V n-1 , +∞], where V 0 , V 1 ,…, V n-1 are predetermined real numbers. The state-to-state transition matrix P associated with this state space is defined as 
where p AB is the transition probability from state A to B. Given the speed of the lead vehicle of a platoon v top , the state vector q (i) (v top ), which represents the state vector of the ith vehicle from the lead vehicle in a platoon, is written as
where
Breakdown Probability with Respect to Traffic Flow Rate
Traffic breakdown is a transition from a free-flow traffic state to a congested traffic state. After breakdown, the traffic speed drops dramatically, and the discharge flow rate also decreases. Thus, in this study, a considerable traffic slowdown is assumed to indicate that traffic breakdown has occurred. Concretely, traffic breakdown is defined as follows.
Definition: Traffic breakdown occurs when a vehicle's speed in a platoon reaches the speed level S 0 .
Moreover, it is assumed that once traffic breakdown occurs in a platoon passing through a bottleneck, congested flow is maintained at least until the entire platoon has passed through the bottleneck. Hence, the speed transition matrix in Eq. (18) 
Hence, the platoon breakdown probability, that is, the probability that traffic breakdown occurs as a platoon passes through a bottleneck, can be calculated. Suppose that a platoon is composed of k vehicles, and its lead vehicle's speed is v top . Then, the platoon breakdown probability
where the operator <A, B> indicates the dot product of vectors A and B, and e 1 indicates a unit vector (1,0,…, 0). By combining the platoon breakdown probability with the platoon formation model which describes the probability that a platoon of size k with a lead vehicle speed v top is generated, the breakdown probability p bd (Q), which is defined as the expectation of platoon breakdown probability given traffic flow rate Q [veh/h], and the parameter vectors of the desired speed distribution β and the speed transition matrix P can be formulated as follows.
Estimation of Desired Speed Distribution
In the platoon formation model proposed in 3.2, the desired speed distribution is required as an input parameter. The desired speed distribution is usually estimated as (i) the speed distribution of only the leading vehicles and/or isolated vehicles or (ii) the speed distribution of all vehicles under the condition that traffic volume is extremely low and every vehicle can drive at its own desired speed (TRB, 2000) . However, direct observations inevitably contain biases. The speed distribution described in (i) tends to underestimate the desired speed distribution; regarding that described in (ii), the traffic flow under extremely low traffic volume is totally different from that under nearly congested conditions.
Several studies have proposed methods of estimating the desired speed distribution (e.g., Branston, 1979; Botma et al., 2001; Hoogendoorn, 2005) , which are based on observations at a single site. In contrast, this study establishes a method of estimating the desired speed distribution using observations at two sites.
Methodology
The proposed method requires two-site observations. Vehicle arrival time data are obtained at a site located upstream along the target roadway section, and data on platoons are obtained at a site located downstream. Both data sets are used to estimate the desired speed distribution.
Given the desired speed distribution specified by a parameter vector β and the observed vehicle arrival times in t at the upstream point, the probability density
of appearance of a platoon of size k with lead vehicle speed v can be calculated using Eq. (13). Then, the likelihood of the observation of platoons at the downstream point can be expressed as
where N is the number of observed platoons, i ṽ is the speed of the lead vehicle of the ith observed platoon, and i k is the size of the ith observed platoon. By maximizing the likelihood function shown in Eq. (23), β can be estimated as
Data Description
The data were collected by video cameras at two different points on a divided two-lane, two-way section of the inbound Tokai-Hokuriku expressway, shown in Figure 2 : one is at 74.7 kp, the entrance point of a single-lane section that is 2.1-km long, and the other is at 72.6 kp, its exit point. Overtaking was prohibited in the study section. Two data sets were used for the analysis: one was observed from 14:30 to 15:30 on July 18, 2004, when the traffic volume was 657 [veh] , and the other was observed from 14:45 to 15:45 on July 19, 2004, when the traffic volume was 1,123 [veh] , just after the observation traffic became congested. Because both observations were made during the daytime on a holiday with no rain, it is conceivable that the attributes of vehicles composing the traffic flow were almost the same. The time when vehicles enter the study section was obtained at 74.7 kp, whereas the time headway and driving speed of each vehicle were obtained at 72.6 kp. In this study, it is assumed that differences in vehicle type do not affect platoon formation.
Condition Settings for Estimating Desired Speed Distribution
In this study, the desired speed distribution is assumed to fit a Gumbel distribution because this distribution can reduce the computational tasks required to calculate its probability distribution function. Hereafter, η and µ denote the location and scale parameters of the Gumbel distribution, respectively. The following time headways in platoons are assumed to be the same among all vehicles. The average time headway of following vehicles observed at 72.6 kp, h ave , is used as the following headway of all vehicles in this model. When the traffic volume was 657 [veh] , h ave was calculated as 2.13 [s] , and when the traffic volume was 1,123 [veh] , h ave was calculated as 1.96 [s] . For estimating the desired speed distribution by using the observed arrival time of each vehicle at 74.7kp,
in Eq. (25) cannot be analyzed numerically; therefore, the following approximation method is adopted.
Step 1: Desired speeds are randomly assigned to all the observed vehicles based on a desired speed distribution.
Step 2: In accordance with Eq. (1), the arrival time at the exit of the study section is calculated for each vehicle.
Step 3: All platoons derived as a result of Step 2 are classified according to the speed level of their lead vehicle, S i (i=0,1,…, n), and size, k. Let R(S i , k) denote the occurrence frequency of each type of platoon.
Step 4: By repeating Steps 1 to 3 10,000 times with a different random number sequence, the probability density
is approximately estimated using Eq. (26). 
Estimation of Desired Speed Distribution
To compare the proposed method to the methods in the literature, the desired speed distribution were estimated using the method of Botma et al. (2001) , as well as the proposed method above. In the former method, the desired speed distribution ( )
was estimated by deriving the θ value that maximized the likelihood function ( )
where N denotes the number of observed vehicles, v i denotes the observed speed of the ith vehicle, and δ i denotes the driving state of the ith vehicle; δ i = 0 for a following vehicle and δ i = 1 for a freely driving vehicle. Table 2 and Figure 6 show the estimations and the observed speed distribution of only freely driving vehicles. The speed distribution of freely driving vehicles is clearly an underestimate compared with the distribution obtained by the proposed method because a vehicle with a higher desired speed tends to catch up with the leading vehicle with higher probability than one with a lower desired speed. Moreover, the estimated results of Eq. (27) vary considerably depending on the traffic volume, whereas those of the proposed method are almost the same regardless of differences in traffic volume. Because the attributes of vehicles composing the traffic flow are expected to be almost the same in these two data sets, these estimated results demonstrate the validity of the proposed estimation method. The reason why the estimation results using Eq.(27) varied is that the method does not consider that a vehicle with a higher desired speed will catch up with the leading vehicle with higher probability.
Using the estimated desired speed distribution, the platoon size distributions are estimate. Figure 7 compares the estimated and observed platoon size distributions. The estimated platoon size distribution clearly matches the observed one closely. To check the goodness of fit of the estimated platoon size distribution, a chi-square test of fitness was applied at the 5% significance level: when q = 657 [veh], χ 2 = 7.08 (χ 2 0.05 (9) = 16.92), and when q = 1,123 [veh], χ 2 = 20.41 (χ 2 0.05 (13) = 22.36). Thus, the estimated distribution passed the chi-square test, demonstrating that the platoon size distribution estimated using the observed arrival data can precisely represent the true traffic flow. It appears that this proposed method can provide a good estimate of the desired speed distribution.
Application of Breakdown Probability
The proposed method is applied to calculate the relationship between breakdown probability and traffic flow rate for a single-lane expressway where a bottleneck is located at the end of the section. 
Solution Algorithm
To estimate the breakdown probability for a traffic flow rate by considering the randomness of vehicle arrival timing, the following approximation method is adopted.
Step 1: The traffic demand Q, target single-lane section length L, parameter vector of desired speed distribution β, and speed transition matrix P are given.
Step 2: By referring to Shiomi et al. (2010) , the Erlang distribution is assumed for the time headway at the entrance point of the target section. In particular, the ith vehicle's entrance time i in t is simulated by ( )
where RND k (k = 1, …, K) represents a uniform random number [0, 1], K is the phase parameter of the Erlang distribution (here, K is assumed to be 2), and λ is also a parameter of the Erlang distribution (λ = QK/3600).
Step 3: Desired speeds are randomly assigned to all the vehicles based on a desired speed distribution. By the same method as that used to estimate the desired speed distribution, all platoons that formed at the end of the target section are classified according to the speed levels of the lead vehicle and the platoon size.
Step 4: By repeating Steps 2 and 3 for a sufficient simulation time T, the breakdown probability for the traffic flow rate, p bd (Q), is calculated as the expectation of platoon breakdown probability weighted by the length of time that each platoon occupies the bottleneck.
( )
where N all indicates the number of platoons generated in the calculation process, and ( ) k v t plt , is the time for which a platoon composed of k vehicles and whose lead vehicle's speed is v occupies the bottleneck.
Comparison between Estimation and Observation
To validate the estimated breakdown probability for a traffic flow rate, the estimated relationship between breakdown probability and traffic flow rate is compared with the observed breakdown flow rate, which is defined as the traffic volume during 15 [min] just before the 5-min average speed becomes less than 50 [km/h].
The observations were made at 48.4 kp of the inbound lane of the Tokai-Hokuriku expressway, as shown in Figure 8 , which is single-lane section, from March 1, 2003 to November 30, 2003 . The data were collected by loop detectors, which were installed just behind the entrance to Kariyasu Tunnel, where congestion queues often appear. The single-lane section just behind the bottleneck is 2.3-km long. The relationship between the 5-min flow rate and 5-min average speed at 48.4 kp is shown in Figure 9 .
To estimate the breakdown probability, the desired speed distribution is assumed to be a Gumbel distribution, and its parameters are set to (η, µ) = (90.7, 0.097) following the estimation results in section 4. For simplicity, the time headway of a vehicle in a platoon is assumed to be the inverse number of the observed maximum 15-min traffic flow rate at 48.4 kp. Because the maximum flow rate was 336 veh/15 min, the time headway was set to 2.68 [s] regardless of the speed. Thus, the time duration t plt (v, k) is derived as ( ) ( ). For comparison, the stochastic capacity is also estimated by the product limit method (PLM) proposed by Brilon et al. (2005) . In the PLM, the parameters of the distribution functions are estimated by applying a maximum likelihood technique. The likelihood function is given by The estimation results and observed breakdown flow rate are illustrated in Figure 10 . The breakdown flow rate is widely distributed between 800 [veh/h] and 1,300 [veh/h] , and the breakdown probability estimated by the proposed method increases monotonously; when the traffic flow rate is larger than around 1,350 [veh/h], it reaches 1.0. In contrast, the stochastic capacity is about 0.3 at a traffic flow rate 1,400 [veh/h], although such a high flow rate never appears. This result indicates that the stochastic capacity tends to overestimate the traditionally defined traffic capacity. It is notable that at the mode of the observed frequency distribution [1,100, 1,200), both the breakdown probability and the stochastic capacity are around 0.05. The reason is considered to be that the breakdown probability increases as the traffic flow rate increases, but at the same time, the probability that the traffic flow rate is observed decreases. That is why the observed frequency takes the highest value at a breakdown probability and stochastic capacity of 0.05. On the basis of these discussions, it can be concluded that the estimated breakdown probability is valid with respect to the observed frequency of the breakdown flow rate and stochastic capacity estimated by Brilon et al. (2005) .
Sensitivity of Breakdown Probability to Traffic Flow Rate
In this section, the factors affecting the breakdown probability are investigated. Figure 11 depicts the relationship between traffic flow rate and breakdown probability with respect to single-lane section length. In this analysis, traffic flow rate varies from 800 [veh/h] to 1,400 [veh/h] , and the single-lane section length is set to 2.5 [km], 5.0 [km] or 10.0 [km] . As the traffic flow rate increases, the traffic breakdown probability clearly increases as well; when the demand exceeds around 1,350 [veh/h] , the breakdown probability is close to 1.0. As the single-lane section length increases, the breakdown probability curve moves upward on the graph. This implies that the longer the single-lane section is, the more frequently traffic breakdown occurs. In other words, at the same values of the traditional traffic capacity, the practical traffic capacity (i.e., the observed traffic volume just before traffic breakdown) tends to decrease as the single-lane section length increases. Yoshikawa et al. (2008) reported this tendency, which confirms the validity of the proposed estimation method.
To investigate the influence of the desired speed distribution on the breakdown probability, Figures 12 and 13 illustrate the breakdown probability curves for various desired speed distributions. The mean and standard deviation of a Gumbel distribution with (η, µ) = (90.7, 0.097) correspond to 96.6 [km/h] and 13.2 [km/h], respectively. Apart from this distribution, we also examined two other speed distributions obtained by keeping the standard deviation constant at 13.2 [km/h] and set the mean as 90.0 [km/h] and 110.0 [km/h], where the parameters of the Gumbel distribution were (η, µ) = (74.1, 0.097) and (η, µ) = (104.1, 0.097), respectively. Figure 12 shows the breakdown probability curves for these three distributions. In addition, we examined the effect of changing the standard deviation by keeping the mean constant at 96.6 [km/h] and set the standard deviation as 5.0 [km/h] and 15.0 [km/h], where the parameters of the Gumbel distribution were (η, µ) = (94.4, 0.257) and (η, µ) = (87.7, 0.064), respectively. Figure 13 shows the breakdown probability curves for these two distributions and for the Gumbel distribution with (η, µ) = (90.7, 0.097). These figures show that as the mean of the desired speed distribution decreases and the standard deviation increases, the breakdown probability curve moves upward. That is, traffic breakdown occurs more frequently, and the practical traffic capacity decreases, because large platoons are more likely to be generated. Thus, this investigation suggests that the occurrence of traffic breakdown must be reduced by controlling the desired speed distribution of traffic flow. For example, a dynamic variable speed limit that encourages slow vehicles to speed up and fast vehicles to slow down and an adaptive cruise control system that can disperse platoons should be effective measures of breakdown prevention. 
Conclusion
The present study investigated the mechanism of traffic breakdown at a bottleneck on an expressway. A platoonbased traffic flow model was developed on the assumption that the stochastic breakdown mechanism comprises two types of stochastic processes: platoon formation, which is caused by heterogeneity in driving behaviors such as desired speeds and can be regarded as a metastable traffic state in which a deceleration wave can propagate, and the speed transition process within a platoon.
After platoons were defined with respect to the speed correlation between two successive vehicles, a platoon formation model was proposed by focusing on the desired speed distribution. Next, on the basis of Koshi's conjecture about the breakdown mechanism and an investigation of relative speed in a platoon, a speed transition model was developed by applying an absorbing Markov chain model. Then, the traffic breakdown probability was rigorously defined, and calculation methods were proposed. This proposed model features the following points: it can deal with the stochastic nature of traffic flow and heterogeneity among vehicles, and can also be calibrated using only fixed-point observation data. After these proposed models were validated using the observed traffic flow data, they were applied to a simple one-way, one-lane expressway section containing a bottleneck, and the stochastic nature of traffic breakdown was demonstrated through theoretical calculations. The results revealed that the breakdown probability increases as the single-lane distance from the entrance to the bottleneck section increases, the mean of the desired speed distribution decreases, and the variance of the desired speed distribution increases. The investigation implied that the breakdown probability can be reduced by instituting measures regulating the desired speed distribution because uncertainty in traffic flow phenomena may be caused by heterogeneity in driving behavior or vehicle performance. If this is true, a traffic management measure that controls the variability in each vehicle would have a significant effect. For example, an adaptive cruise control system or, at least, a regulation relating to the maximum and minimum speed limitation would reduce the occurrence of traffic breakdown and improve the efficiency of expressways.
The proposed model considers only the transition from the free-flow state to the congested state based on fixedpoint observations. However, traffic congestion changes dynamically and spatially. In future studies, the model should be expanded to deal with the dynamics of traffic flow, including the situation after a traffic breakdown. Then, a method of estimating the uncertainty in travel time and the level of service on expressways can certainly be developed. Other future topics of the study are as follows: (i) The Gumbel distribution is assumed for the desired speed distribution, but the suitability of various distribution functions for the desired speed distribution should be considered more carefully. (ii) For simplicity, the time headway of a vehicle in a platoon was assumed to be constant regardless of the traffic state. To investigate traffic breakdown more precisely, fluctuations in time headway should be analyzed in detail. (iii) Although the speed transition is assumed to be described by a Markov chain model, the details of the speed transition are considered to be more complicated and requiring further investigation. (iv) The model can currently be applied only to a single-lane section. It should be expanded to depict traffic phenomena on multilane expressways, including lane-changing and overtaking maneuvers, and other types of bottlenecks such as merging sections.
